∗

−

†

− −

∗

†

3

2 1 2

Abstract

A R n

ϵ δ

δ ϵ

O ϵ δ n n K n K

A

n

M. P ellegrini

April 16, 1996

11th ACM Symp osium on Computa-

tional Ge ometry form factors

o c clude d

non-zer o

r e gular interse ctions

Mon te Carlo Appro ximation of F orm F actors

with Error Bounded a Priori

A preliminary version of this pap er app eared in Pro ceedings of the

, pages 287–296, June 1995, V ancouver.

Istituto di Matematica Computazionale del C.N.R. Via S. Maria 46, 56126 Pisa, Italy

. tel: (+39) 50

593452 fax: (+39) 50 554342 e-mail: p ellegrini@imc.pi.cnr.it

The exchange of radiant energy (e.g. visible light, infra-red radiation) in simple macro-

scopic physical mo dels is sometimes approximated by the solution of a system of linear

equations (energy transp ort equations). A v ariable in such a system represents the total

energy emitted by a discrete surface element. The co efficients of these equations dep end

on the b etween pairs of surface elements. A form factor is the fraction of

energy leaving a surface element which directly reaches an other surface element. F orm

factors dep end only on the geometry of the physical mo del. Determining go o d approx-

imations of form factors is the most time consuming step in these metho ds, when the

geometry of the mo del is complex due to o cclusions.

In this pap er we intro duce a new characterization of form factors based on concepts

from integral geometry

. Using this characterization, we develop a new and asymp-

totically efficient Monte Carlo metho d for the simultaneous approximation of all form

factors in an p olyhedral environment. The approximation error is b ounded

without recourse to sp ecial hyp othesis. This algorithm is, for typical scenes, one order

of magnitude faster than metho ds based on the hemi-sphere paradigm or on Monte

Carlo ray sho oting.

Let b e any set of convex non-intersecting p olygons in with a total of edges

and vertices. Let b e the error parameter and b e the confidence parameter. W e

compute an approximation of each form factor such that with probability at

least 1 the absolute approximation error is less than . The exp ected running time of

the algorithm is (( log )( log + log )), where is the exp ected numb er of

for a random pro jection of . The numb er of regular intersections

can range from 0 to quadratic in , but for typical applications it is much smaller than

quadratic. The exp ectation is with resp ect to the random choices of the algorithm and

the result holds for any input.

∑

1

1 In tro duction

i

i

i

ij

i i i

j ij j

n i i i n E

i ρ

B

i F i j

i

B E ρ F B ,

i

B , .., B ρ E

1.1 Radian t Energy T ransp ort in Heat Engineering

1.2 Radiosit y Problems in Graphics c onfigur ation factor view factor the

fr action of the diffuse ener gy le aving one surfac e that dir e ctly r e aches another surfac e

r adiosity c omputation

The determination of radiation interchange b etween surfaces is a central problem in heat

transfer, illumination engineering an applied optics [SH92]. Complex radiation interchange

problems are simplified using a v ariety of assumptions and approximations. One of the

simplest mo dels in heat transfer is that in which (i) each surface is “black” (i.e. there is

no reflected radiation and all emitted energy is diffuse) and (ii) each surface emits diffuse

radiation uniformly in each direction and from each p oint of the surface (see [SH92] for an

extended treatment). The balance of energy in the mo del is describ ed by a system of linear

equations (energy transp ort equations). F or a surface in a set of surfaces, let b e the

emissivity (i.e. the energy pro duced by the surface ), the diffuse reflectance (i.e. the

prop ortion of received energy that is re-emitted) and the total energy emitted by surface

. Denoting with the form factor b etween surface and surface , the energy transp ort

equation for surface is:

= +

where the summation is extended to all surfaces different from . All the transp ort equations

form a linear system in the v ariables . The v alues of and are known for a

given mo del. The form factor (also called or ) is defined as

. Under

the conditions of the mo del, form factors dep end only on the geometry of the surfaces and

are indep endent from all the other parameters of the mo del. The determination of the form

factor is an essential preliminary step to the solution of the system.

In graphics, the goal of synthesizing realistic images has b een pursued by computing the bal-

ance of light reaching each surface. Such approach is known as . ACM

Siggraph and Eurographics annual conferences have sessions devoted to radiosity computa-

tions, and since 1990 Eurographics has organized annual workshops on rendering, featuring

many pap ers on radiosity

. The Siggraph on-line bibliography lists more than 240 titles in-

cluding the word “radiosity” in the p erio d from 1983 to 1995. Some pap ers often cited in

the literature are: [GTGB84] [NN85] [CG85 ] [Ka j86] [WRC88] [WEH89] [SP89] [HSA91]

[Mit91] [Shi91]. F or more recent results we refer the reader to the pro ceedings of sp ecialized

conferences and workshops (e.g. [HP95, BJ94 , TT93 ]).

When we consider only the effect of diffuse light we can use assumptions similar to those

used in the study of heat transfer and we obtain the same mo del describ ed ab ove (in graphics

known as Lamb ertian mo del). Again, the determination of form factors is a central compu-

tational problem.

1 r

3 1

A

R n

ϵ δ K A, v

1.3 Curren t appro ximation algorithms

1.4 New results in this pap er

W e can think of these p olygons as forming a covering of the facets of the input p olyhedra.

Monte Carlo r ay tr acing

hemicub e algorithm

sp e cializations

simultane ously

and a priori

Exact analytical computation of form factors is difficult except for restricted sp ecial cases,

none of which considers o cclusions. References to analytic solutions for sp ecial cases or to

computer programs for general cases can b e found in the b o ok of Siegel and Howell [SH92].

Several approximation schemes have b een devised to cop e with realistic environmen ts.

There are currently several metho ds av ailable for computing approximations of form factors.

is chronologically the first metho d prop osed. This metho d is still

much used and researched b ecause of its flexibilit y and ease of implementation. The metho d

is based on simulating the exchange of energy by p erforming ray-sho oting op erations. One

of the most p opular schemes for a direct estimation of form factors is the

[CG85 ], which is an elab oration of the hemi-sphere metho d of Nusselt [SH92]. Hanrahan et

at. [HSA91] have prop osed metho ds for computing form factors based on defining each form

factor as a matrix of sub-form-factors and on an efficient hierarchical blo ck decomp osition of

such matrices.

A detailed description of these and other algorithms is b eyond the scop e of this pap er.

W e p ostp one some considerations to subsections 1.8 and 1.9. In App endix A we give some

more details while we attempt to compare these metho ds with the result presented in this

pap er.

Within the discipline of design and analysis of algorithms, approximation metho ds are com-

pared according to two main measures: one is the computational resources (time, storage)

used, the second is the quality of the approximation, i.e. a b ound on the error of the ap-

proximation. The two measure are not indep endent in general. Until now the form factors

problem has b een unyielding to this typ e of analysis. In this pap er we present the following

results:

(1) W e give an integral geometric interpretation to the form factors using the style and nota-

tion of Santalo [San76 ] and we show that the analytic and geometric formulations previously

used are of this formula.

(2) W e derive an efficient Monte Carlo algorithm to compute approximations of form factors

for which we have an asymptotic exp ected upp er b ound on the running time

an exact upp er b ound, which holds with high probability

, on the absolute ap-

proximation error of each form factor. The algorithm has b etter asymptotic running time,

for typical scenes, than other metho ds for which a comparable analysis of the running time

is p ossible (in particular, Nusselt’s hemisphere metho d, and Monte Carlo ray tracing).

More precisely the algorithmic result in this pap er is the following. Let b e a set of

convex non-intersecting p olygons in with a total of edges and vertices . W e fix an

error b ound and a confidence . Let ( ) b e a certain subset of the intersection p oints

− r

− − 2 1 2

Theorem 1

A v

K K A, v

v

O ϵ δ n n K n

δ

ϵ

n

1.5 What is a form factor?

r e gular interse ctions

We c an c ompute in exp e cte d time an appr ox-

imation of e ach non-zer o form-factor such that with pr ob ability the absolute err or on

e ach form factor is less than .

which is indep endent of any p articular

p ar ametrization of lines among the orthogonal pro jections of the edges of in direction , which we call, following

Mulmuley

, . W e denote with the exp ected size of ( ) over a

choice of uniform at random in the set of all directions.

(( log )( log + log ))

1

The numb er of regular intersections can range from 0 to quadratic in , but for typical

applications it is much smaller than quadratic. A typical input is a set of p olygons in which

p olygons are rather fat or, to put it negatively

, not long and thin. This is a typical input

b ecause in these conditions the assumptions of the Lamb ertian mo del are more likely to b e

realistic.

The first task we set out to accomplish is to give a simple definition of a form factor in the style

and notation of Santalo [San76 ]. The connection b etween the measure of sets of lines and form

factors is the basis b ehind any deriv ation of the form factors integral. Here we apply this idea

in a way fundamentally different form previous known deriv ations. The original definition of

a form factor, as the fraction of diffuse energy leaving a surface that reaches directly another

surface, b elongs more to physics than to geometry

. A further elab oration [SH92] equates the

form factor to a double area integral in which the kernel function is diverging thus creating

problems of numerical instability

. Nusselt gives a geometric interpretation of a form factors in

terms of central pro jections on the surface of a sphere, which holds only when one of the two

surfaces is infinitesimally small (a so called differential area). Alternatively

, researchers have

used the connection b etween measure of lines and form factors to develop sampling strategies

in spaces of rays or lines.

The author whose starting p oint is closest to the one used in this pap er is Sb ert [Sb e93]

(see also [SPNP94 , SPP95 ]). After noting that Lamb ert’s cosine law is equal to one of the

expressions for the differential element of lines, Sb ert interprets the form factor as a geometric

probability in a space of lines. Then a metho d is prop osed based on cho osing a set of lines

randomly and counting the intersections b etween lines and the ob jects.

Starting from first principles, we show that form factors can b e interpreted as the ratio

b etween the measure of certain sets of lines in 3-space,

. W e then show that the characterization of form factors previously

used in literature are equiv alent to our “abstract” characterization for sp ecific choices of line

co ordinates. The b enefit of starting from first principles is that proving the correctness of

the new integral expressions of form factors b ecomes almost trivial within the framework

provided by Santalo’s exp osition of integral geometric theory .

n

K ortho gonal pr oje ction metho d

unit

spher e of dir e ctions

line ar

1.6 A new general metho d.

1.7 An efficien t algorithm.

1.8 On the difficult y of comparing algorithms

Our definition of form factor via integral geometric theory is abstract in the sense that it is

not immediately computable and also in the sense that it is indep endent of any co ordinates

of lines in 3-space. When we decide for sp ecific co ordinates of lines we obtain an equiv alent

formulation that is, in principle, computable.

The next step in our research hinges on the choice of co ordinates of the lines so that the

resulting concrete formulation for the form factor contains quantities that can b e computed

easily and efficiently using computation geometry techniques [PS85 ]. In our case we use only

orthogonal pro jections and the area of planar convex p olygons, for this reason we refer to our

metho d as the . This formulation involves an integral which is

simpler than those previously known.

W e use Monte Carlo integration to approximate the v alue of the integral defining the form

factor as derived by the previous analysis. The integration is based on sampling on the

. This domain has only two parameters and has a b ounded measure.

These are imp ortant prop erties that we use to derive an exact b ound on the v ariance of

the integrand function and consequently a b ound on the absolute error of the Monte Carlo

integration.

F or the case of two p olygon, the algorithmic techniques needed are standard and can b e

found in [PS85 ]. F or the case of many p olygons, we use the vertical cylindrical decomp osition

of Mulm uley [Mul91] to compute efficiently the terms of the summations in the Monte Carlo

approximation of the integral. Such data structures are built via plane sweep and dynamic

maintenance of p olygonal planar maps.

Comparing the result presented in this pap er with standard practice in graphics is difficult.

The main contribution of our work on the theoretical side is a prov able correlation b etween

error and running time within the standard mo del used in Computational Geometry

. An

additional b enefit is that the algorithm is almost linear in the numb er of input vertices and

in the average numb er of regular intersections among edges.

Error analysis published in the graphics literature at my knowledge use additional as-

sumptions, sometimes justifiable on pragmatic grounds, but usually avoided in computational

geometry . F or example, a widely referenced pap er in the computer graphics comm unity by

P . Shirley [Shi91] proves that a straightforward Monte Carlo radiosity computation requires

a numb er of rays in the numb er of ob jects present in the scene to attain estimates of

the energy emitted by each surface within a predefined v ariance. This result is obtained in

a rather strong mo del for which, among other assumptions, the total surface of the ob jects

remains constant as the numb er of ob jects increases [Shi91, page 462]. No such assumption

is used in this pap er.

−

−

. .

−

−

2

2

0 8 0 8

+

12

2

12

12

2

12

S

ϵ

O ϵ n n

O m n

m n

K

n K

F F

F F sub division

a p osteriori

e qual to b ounde d

1.9 On the standard Mon te Carlo ra y tracing tec hnique

In [Sb e93 ] the input ob jects are enclosed in a sphere and a certain numb er of random

lines meeting the sphere is pro duced. The numb er of lines needed to obtain a predefined error

b ound with high probability on each form factor dep ends on the ratio b etween the area of

the surface of the sphere and the smallest area of an ob ject. A further case that is analyzed

in [Sb e93 ] is one in which the numb er of patches increases as a result of a of the

ob jects initially present in the scene. Our result do es not dep end on any hyp othesis on the

minim um area of the surfaces or on the diameter of the input; and it holds also when the

numb er of ob jects increases, say

, by addition of new ob jects to the scene.

Most of the currently known algorithm are hard to analyze and therefore the correlation

b etween running time and approximation error has b een investigated by means of exp eri-

ments, rather than algorithmic analysis. Another approach has b een to pro duce error anal-

ysis , that is an error analysis based on v alues computed by the algorithm itself

[LSG94 ].

In App endix A we attempt the following typ e of comparison. W e translate some of the

p opular metho ds within the mo del used by our algorithm. Whenever p ossible we try to use

exact computations instead of non-exact computations whose contribution to the error is not

quantified.

In the standard Monte Carlo ray tracing technique we send random rays from a surface and

we count the numb er of such rays reaching a second surface. The ratio b etween the two

numb ers is an estimator of the from factor relative to the two surfaces.

It is easy to prove that for a predefined level of error and confidence the needed numb er of

such rays is constant p er surface (see e.g. [Sb e93]), and roughly prop ortional to . Thus to

estimate all the form factors we need to trace ( ) rays among surfaces. The complexit y

of ray tracing is still an op en field of investigation. Currently the b est asymptotic b ounds

in exact analytical mo dels for ray tracing require roughly ( ) op erations to trace

rays among triangles [Pel93, AM93]. These metho ds, b esides b eing quite complex and

mostly of theoretical interest, are not known to exhibit a dep endence on other combinatorial

parameters of the input, such as the numb er of regular intersections. An interesting feature

of our algorithm is that, still in an exact mo del, we are able to derive a simple algorithm

whose running time is almost linear in and .

F rom a more practical p oint of view, it is well known that, as a rule of thumb, sampling

in a lower dimensional space reduces the v ariance of an estimate by a Monte Carlo metho d

[BGS 66 ]. In the case of a straightforward Monte carlo ray tracing where the rays are sampled

uniformly among those meeting the first ob ject, the v ariance of the asso ciated random v ariable

is . The expression for the v ariance in our metho d, given in (11), is

by 2 , and is muc h smaller than such b ound in certain cases. F or example, when

the area of the second surface is less than half of the area of the first surface the v ariance of

our metho d is smaller than the v ariance of straightforward Monte Carlo ray sho oting. My

conjecture is that for v alues of the form factor b elow a threshold the v ariance of our metho d

is always b etter than the v ariance of the ray sho oting metho d.

2 i j

i

2

2

Ω

∫ ∫

∫ ∫

∈ ∈

∈ ∈

S S

| |

S

| | S

∈

1.10 Organization of the pap er

i j

ij

i p S q S

i j

i i i i

j j

i j

j i

i

i j

i j i

i

ij

i p S ω

2 Curren tly used concrete c haracterizations

S S

F

A f p, q dpdq ,

f p, q θ p, q θ p, q

π pq

V p, q ,

A S θ p, q S p

p q θ p, q S q

p q pq p q V p, q ,

pq

dA A

A p dA p

p

dA p

dA A

S S S

A

F

A g p, ω dpdω ,

In this pap er we consider mainly p olygonal surfaces, but most observ ations hold for a larger class of

surfaces.

In Section 2 we give the two characterization of form factors used most frequently in literature.

In Section 3 we intro duce an “abstract” characterization via integral geometry

. In Section 4

we derive a new “concrete” integral definition of form factor. In Section 5 we derive the error

b ound on the Monte Carlo ev aluation of such an integral. In Section 6 we give the algorithm

to compute all form factors simultaneously

. In Section 7 we sp eculate on p ossible extensions

of our metho d to non-Lamb ertian mo dels, where the total energy emitted by a surface is not

uniform. In App endix A we attempt a rough comparison b etween several metho ds for form

factor computations.

The algorithms known in literature to compute form factors are mainly based on two formu-

lations of form factors. In the first formulation (which is sometimes taken as the definition

tout court) the form factor is a weighted double area integral [SH92]. Given a set of disjoint

surfaces in 3-space, the form factor b etween two surfaces and in is:

=

1

( ) (1)

where:

( ) = cos ( ) cos ( )

( );

is the area of the surface ; ( ) is the angle b etween the normal vector to at p oint

and the line through and ; ( ) is the angle b etween the normal vector to at p oint

and the line through and ; is the distance b etween p oint and p oint ; and ( )

is a predicate that has v alue 1 if the op en segment do es not meet any surface, and is 0

otherwise.

The second characterization due to Nusselt [SH92] defines the form factor b etween a

differential surface of area and a finite surface geometrically as follows. Consider the

set of p oints of visible from a p oint and the central pro jection from of such set

onto the surface of a sphere centered at . Orthogonally pro ject such set of p oints from the

sphere onto the plane tangent to at . The area of the set of p oints obtained from the

second pro jection is the v alue of the (differential) form factor b etween and . T o obtain

the v alue of the form factor b etween and we need then to integrate over and divide

by . The analytic equiv alent of Nusselt’s formulation is:

=

1

( ) (2)

1

1

∫

∫

∩ ̸∅

∩ ̸∅ i

j

i i

j

j

L S

L S

S

S

S

I

I

{ ∩ ̸∅}

L L

I

1 2

1 1

1

1

=

=

1

1

12 1 2

1 2

3.1 Uno ccluded case

3 An abstract c haracterization g p, ω θ p, ω

π

V p, ω , S ,

θ p, ω S p

p ω V p, ω , S , p ω

S

S S

S

S

I L dL,

I L L

I L I

dL m L L S .

m

S

dL

dL

S

S S

S S the fr action of the diffuse ener gy le aving one surfac e that

dir e ctly r e aches another surfac e where:

( ) = cos ( )

( );

Ω is the set of directions; ( ) is the angle formed by the normal to at and the ray from

in direction ; ( ) is a predicate whose v alue is 1 if the ray from in direction

meets b efore any other surface in . An analytic closed form of Nusselt’s characterization

of the differential form factor for p olygonal ob jects in 3-space was found by Lamb ert [Lam60]

(see also [Arv94]).

W e give an abstract characterization of form factors starting with the case in which we have

only two p olygons and and no o cclusion b etween the them. Let us go back to the original

intuitive meaning of form factor as

. In radiation mo dels with non-participating medium s energy

is transferred along linear tra jectories, i.e. along lines. Thus we can measure the total energy

leaving one surface by summing the energy carried by each single line. Since there are

infinite lines meeting a given surface the measure is more precisely defined by an integral:

= ( ) (3)

where ( ) is the density of the energy on the line . Under the assumptions of the Lam-

b ertian mo del ( ) is a constant

¯

. Thus we are left with a purely geometric integral to

compute

= ( : = ) (4)

W e intro duce the notation ( ) to denote such integral ev aluated over the domain . It

is convenient to lo ok at F ormula (4) using the theory of integral geometry as exp osed in

the b o ok by Santalo [San76 ]. One of the concerns of integral geometry is measuring sets

of geometric ob ject (i.e. asso ciating a p ositive real numb er to a set) in such a way that

the measure is inv ariant under rigid transformations of the space. In our case we want the

measure of the set of lines meeting the surface to b e inv ariant under rigid transformation of

the Euclidean 3-dimensional space. The differential form denotes a differential for which

this prop erty of inv ariance holds. F or any given parameterization of the lines in 3-space there

is a corresp onding formulation of that is unique up to constant multiplicativ e factors

[San76 ]. Thus F ormula (4) is nothing but the (inv ariant) measure of the set of lines meeting

.

The amount of energy leaving a surface and reaching a surface , if there are no

o cclusions, is given by the following integral over the lines meeting and :

∫

∫

∫

1 2

1 2

1

me eting

missing

3.2 Occluded case

∩ ̸∅∧ ∩ ̸∅

∩ ̸∅∧ ∩ ̸∅

∩ ̸∅

L S L S

L S L S

L S

k

c c

k k

i c

i

I

{ ∩ ̸∅ ∧ ∩ ̸∅}

I

I

{ ∈ L| ∩ ̸∅}

∪

L { | ∩ ̸∅ ∧ ∩ ̸∅ ∧ ∩

∅ }

L

{ | ∩ ̸∅}

12

= =

1 2

12

12

12

1

= =

=

1 1

1 1

1 2

1

12

1 2 3

1 2

1 2 1

2

1 2

3

12 1 2

=3

12

12

1

I L dL

I L I

m L L S L S

F

F dL

dL

.

m L L S π A

A S

L

dL

L

L S S

L dA

L

F

S S S , ..., S

S S

C H S S S

S

S S

S , ...S L L S L S L S

F m

m L L S

= ( ) (5)

Since ( ) is constant and equal to

¯

we are interested in the measure of the set of lines

meeting b oth surfaces given by the integral:

( : = = ) (6)

The form factor is given by the ratio of the two intensities (3) and (5):

= = (7)

F rom now on we use (7) as our integral geometric definition of form factor in absence of

o cclusions. F rom a classical result of integral geometry adapted to p olygons [San76 , page

246] we have that

( = ) =

where is the area of . Since we can easily compute the area of a convex p olygon, we

concentrate our attention on the numerator of the fraction in 7.

F ormula (7) is v alid for any co ordinatization of the lines. In order to obtain a more con-

crete formula (as opp osed to the somewhat abstract formulation in (7)) we need to decide

what co ordinates we use for parameterizing the line . As a consequence we have a unique

expression for as a differential form in the chosen co ordinates.

It is easy to prove that, when we use as co ordinates of a line the two intersection p oints

of with the surfaces and , F ormulation (7) b ecomes F ormula (1) [San76 , page 230].

It is now clear that F ormula (1) is linked to a particular choice of line co ordinates. The

hemisphere characterization of Nusselt can b e derived from (7) when we use as co ordinates

of a line the intercept of on a fixed plane (the plane tangent to ) and the direction of

[San76 , page 211]. In Section 4 we use a different parameterization of lines in 3-space and

the corresp ondent inv ariant differential form to derive a new concrete formulation of (7).

Now we consider the general case in which we want to define the form factor b etween

and in presence of other ob jects . First of all, to simplify the situation, we

notice that we need only consider the ob jects clipp ed within the convex hull of and

since (p ortions of ) ob jects outside ( ) cannot p ossibly o cclude a line meeting

and .

Therefore we want to compute the measure of the set of lines and , and

all the clipp ed p olygons . Let = ( = ) ( = ) ( =

) b e such set of lines. The new abstract formula for the form factor is:

=

( )

( = )

(8)

1 2

∫ ∫

∑

L L S L S u U

N

N

i i

{ | ∩ ̸∅∧ ∩ ̸∅} ∈

4.1 Uno ccluded case

{ | ∩ ̸∅ ∧ ∩ ̸∅}

∩

∧

∈

∩

{ | ∩ ̸∅ ∧ ∩ ̸∅} ≈

1 2

1 2

1 2

1 2

12

1 2

= =

12

+

12

1 2

1

1 2

=1

12

4 A new concrete c haracterization of form factors

proc ff(A,B:3D-polygon; eps,de:real):real

begin

                                                                                     N = floor(1/(eps * eps * de));

                                                                                     ff = 0;

S S

m L L S L S

L

P L L

L P L

dL dσ du dσ

L du

U

u U dσ

⃗

O u P u L P u

S S L P u

S P u S P u

A u

S S P u

dL A u du

u A u O n n

S S

U N u , ..., u

m L L S L S π

N

A u

O N n

Let us consider two disjoint convex planar p olygons in 3-space, namely and . F rom the

abstract definition in (7) we just need to ev aluate the integral:

( = = )

F rom Santalo [San76 ] we have that one of the p ossible parameterizations of the line is by

giving the plane ( ) through the origin and orthogonal to , and the intersection p oint

( ). Using this co ordinatization the form of the inv ariant density for lines in 3-space

is = , where is the inv ariant density of p oints on a plane through the origin

and orthogonal to , and is the inv ariant density of unoriented planes through the origin

(equiv alent to the p oints on the unit 2-dimensional sphere centered at the origin where

opp osite p oints are identified).

W e fix a p oint and we integrate over the density of the plane through the origin

and orthogonal to the vector , which we call ( ). A line orthogonal to ( ) meets b oth

and if and only if the intersection p oint ( ) is in the intersection of the pro jection

of onto ( ) and the pro jection of onto ( ). But the integral of the density of p oints

in a given planar set is just the area of that set. So, denoting with ( ) the area of the

intersections of pro jections of and onto ( ) we have that:

= ( ) (9)

Here we consider the case of two ob jects only and therefore there is no issue of o cclusions.

W e can compute approximately the integral in F ormula (9) by using Monte Carlo integration

[BGS 66 , DR75 ]. F or a fixed direction we can compute ( ) in time ( ), where is the

numb er of vertices of the p olygons and , for example by using a sweeping line approach.

W e cho ose uniformly at random on the unit sphere a set of p oints , then the

Monte Carlo approximation we obtain is:

( = = )

2

( )

W e can find an approximation to the form factor of two uno ccluded p olygons in 3-space

in time ( ). An upp er b ound on the error develop ed in section 5 for the o ccluded case

holds also in the uno ccluded case. Here we show the high level pseudo co de of the algorithm

to compute the approximate form factor b etween two p olygons in 3-space without o cclusions.

3

⋃

∫

∪

∪

∩

L c

i

k

j c

j

u U

ij

′′

′ ′′

′′ ′′

∈

′

′

1 2

3

2

1 2 1 2

1 2

1 2

1

1 2

1 2

12 1

2 =3

12

12 opp osite

p ositive

anti-

c onvex-hul l

4.2 Imp ortance sampling

4.3 Occluded case

S S

C C H S S f C

S S e S v S

f S S

e S S

S f

S S u

u

O n n

O n

O n

dL S

C H S S

u A S

S / S

m A u du.

A u ij

u

This assumption can b e eliminated easily by splitting each surface in at most two parts.

                                                                                     for i = 1 to N do

u = random-direction;

A1 = projection of A along u;

B2 = projection of B along u;

ff = ff+(area(intersection(A1,B2));

                                                                                     end for;

                                                                                     return (2 * ff)/(N * area(A));

end

ff

W e can improve on the basic idea of algorithm by filtering out efficiently the directions for

which the contribution to the summation is zero. W e sketch here the metho d. W e assume,

without loss of generality

, that the plane spanning do es not meet and viceversa .

Consider the convex hull = ( 1 ). Assuming general p osition, a facet of ,

except and , is incident to an edge of and to a vertex of , or viceversa.

Moreover the plane spanning leaves and on the same side. W e find, using a sort of

binary search, the plane incident to that instead leaves and on sides (we call

the side containing ). W e find such planes for every facet and we translate them

to the origin. W e take the intersection of all the translated p ositive half-spaces. W e obtain

a double cone with ap ex at the origin, which we call, for lack of a b etter name, the

of and . It is easy to see that, for a pro jection direction that falls outside

the anti-convex-hull, the pro jections of the surfaces cannot meet. Instead, if the direction

falls within the anti-convex-hull, then the pro jections have a non-empty intersection. The

convex hull and the anti-convex-hull can b e built in time ( log ). After prepro cessing we

can decide whether a sampled direction is inside the anti-convex-hull in time (log ), since

the problem is equiv alent to lo cating a p oint in a planar convex p olygon of ( ) sides.

W e compute the measure of the set of lines in F ormula (8) by integrating the motion inv ariant

unit element discussed in the previous sub-section. W e indicate with the surfaces

clipp ed within ( ). W e indicate with the sup erscript to a set, the set obtained

by orthogonal pro jection in direction . W e denote with the area of the set (

) ( ) . The numerator of the fraction in (8) is thus equal to:

( ) = ( ) (10)

In Section 6 we see how to compute the terms ( ) simultaneously for all pairs for a

fixed direction . In the next section we give an upp er b ound to the error in a Monte Carlo

approximation of the form factor using integral (10).

∫ ∫

∫

∫

∑

′

∈ ∈

′

∈

′

∈

′ ′

′

5 Error estimate

u U u U

u U

u U

N

N

i i

i

N

N

−

−

− ≤

− ≤

≤

| | ≥ ≤

| −

√

| ≥ ≤

| − | ≥

√

≤

+

12

1

12

12

1

12

2 2

12

2

2

1

2

12

12

1

12

1

2

12

12

2

12

12

12 1

2 2

=1

2

2

2

5.1 Bounding the v ariance

5.2 A b ound obtained using Cheb yshev’s inequali t y

U π ζ u

ζ u

A u

A

.

E ζ u U

F

π ζ u du

π

A u

A du F .

D ζ U

D ζ u E ζ u E ζ u

π

A u

A du F

π

A u

A

A u

A du F

F F .

A u A u A

t >

P r ob Y t E Y /t ,

E S ζ u μ E ζ σ

ζ u

P r ob S N μ / N σ t /t .

P r ob S / N μ / tσ / N /t .

In order to b ound the error of our metho d we use an elementary analysis of Monte Carlo

metho ds as describ ed in [BGS 66] and [DR75]. This typ e of analysis relies on a b ound on

the v ariance of the integrand function over the domain of integration. This b ound is hard

to obtain for the integrand functions used in previous metho ds for form factor computation.

Luckily

, in our case a b ound on the v ariance is obtained very easily . W e recall that the

measure of the set is 2 . W e intro duce a function ( ):

( ) =

2 ( )

W e have that the exp ected v alue of ( ) over all directions is the v alue of the form factor

:

1

2

( ) =

1

2

2 ( )

=

Now we estimate the v ariance of the function over the set of directions :

( ( )) = ( ( ) ) [ ( ( )] = (11)

[

1

2

4( ( ))

] = (12)

2

2

(

2 ( )

)(

( )

) (13)

2 1 (14)

where we exploit the fact that ( ) ( ) is always smaller than or equal to .

F or any random v ariable Y and 0, Chebyshev’s inequality [F el68, page 232] is:

( ) ( )

where () indicate the exp ected v alue. Let = ( ), = ( ) and let b e the

v ariance of ( ). W e apply Chebyshev’s inequality

, obtaining:

( ( ) ) 1

Rearranging and dividing by N, we obtain:

( ( ) ) 1

2

−

−

∑

∑

Lemma 1

2 2 2

2

2

2

2

2 +

=1

2

=1

8

√ √

−

≤

⌈ ⌉

− ⌈ ⌉

⌈ ⌉

⌈ ⌉

⌈ ⌉

− ij

i

i i i i

i ,Q i a /Q

i ,Q i

Q/

6 Measuring v ertical visibilit y

5.3 Reducing the n um b er of samples ϵ ϵ tσ / N t ϵ N /σ

δ /t σ /ϵ N

δ

σ

ϵ δ N /ϵ δ

ϵ δ N /ϵ δ

ϵ, δ

N /ϵ δ

N O /ϵ /δ

δ /

F

ϵ, δ Q c /δ c

X ϵ E X

/

/ Q/

Q/

Y X Y X

P r ob Y E Y > a < e .

E Y / a Q/

P r ob Y > Q/ < e .

δ Q O l og /δ

The Monte Carlo evaluation of formula 10 r esults in an appr oximation of the form

factor within an absolute err or , with pr ob ability at le ast , when we cho ose .

me dian

Equiv alently

, if we call the absolute error , we have = and = . The

probability of exceeding the error b ound is = 1 = . The probability of b eing

within the error b ound is conversely 1 .

In the previous section we proved 1, thus we can derive the numb er of samples

attaining the desired precision as a function of and . W e have: = 1 . W e have

proved the following lemma:

1 = 1

F rom the previous section we have that the numb er of samples needed for an ( ) ap-

proximation algorithms is = 1 . It is p ossible to reduce the numb er of samples to

= ((1 ) log (1 )) by using a trick rep orted in [KKK 90 ], originally used in [JVV86].

F or completeness we describ e this metho d. W e use the algorithm describ ed in Section 6

with a constant v alue for the confidence parameter, say = 1 4. W e run the algorithm Q

times, and we take the v alue as the outcome of the algorithm for . W e obtain an

( )-approximation by cho osing = log (1 ) for an appropriate constant . W e give a

sketch of the pro of in the rest of this subsection.

W e call a v alue go o d if it is with a distance from the exp ected v alue ( ), and

bad otherwise. In our exp eriment a sample will b e bad with probability 1 4 and go o d with

probability 3 4. If the median is bad, then there are at least 2 bad samples. Therefore

the probability of a bad median is less than the probability of having at least 2 bad

samples. T o b ound this second probability we use Chernoff b ound in a form rep orted in

[Sp e87 ]. Let = 1 if is bad and = 0 if is go o d. W e have that:

( ( ( )) )

Using ( ) = 1 4 and = 4 we obtain:

( 2)

Thus, to reach a confidence level we just need to rep eat the algorithm = ( (1 ))

times.

The arguments in the previous sections reduce the problem of computing form factors to the

problem of computing areas of intersections of planar p olygons on an Euclidean plane. W e

compute such areas using an algorithm for vertical space partition as algorithmic skeleton. A

go o d asymptotic p erformance is obtained using the cylindrical partition of Mulmuley [Mul91].

4

′

−

1 2

1 2

2

2 3

4

2

1

2

2

S E S

S

∈ E S ∈ E S

S

≤ ≤ ≤

S S S

S

S

S

⌈ ⌉

− r

r r

i j

ij

i j

r r r

ij

ij

i j

ij

ij

ij ij ij i

j i j

6.1 Ov erall algorithm

6.2 Observ ations r e gular

r e gular

interse ction p oints

al l u q

e e

q

e e k k

k k n k

n H R /

S S A

S S H

O n k O n n k n k

C

i < j

n

C

Q

Q O δ

N /ϵ

S S

C

Q C

F C C N A

F N A

n δ

δ

O n

A prism here is a solid obtained by intersecting an infinite prism with two half-spaces.

Let b e a set of interior disjoint convex p olygons in 3-space and let ( ) b e the set of edges

of p olygons in . W e cho ose as the vertical direction. Let b e an intersection among the

orthogonal vertical pro jections of ( ) and ( ). Such a p oint is called a

intersection p oint if the vertical line through do es not intersect any p olygon of b etween

and . If we call the numb er of regular intersections and the numb er of intersections,

we have that 0 . In typical situations, though, will b e muc h smaller than

. The vertical decomp osition ( ) for the set is a decomp osition of into maximal

vertical prisms such that: (i) each prism do es not intersect , (ii) the two bases of the prism

are subsets of two p olygons in .

Clearly

, for every pair of p olygons and , the v alue of is obtained by summing the

area of the pro jection of cylinders with bases in and . The cylindrical partition ( )

has size ( + ) and is built in time ( log + log ) where is the numb er of

[Mul91].

W e summarize here the whole algorithm to compute form factors. is a counter for the

pair of surfaces with indices , which is initialized to 0. W e organize such counters using

an array indexed from 1 to , holding p ointers to dynamic binary search trees. The counters

are at the leaves of the trees. Clearly we need to store only counters which, during the

construction, are found to have a v alue different from 0. If a counter is not in the data

structure its v alue is by default 0. In this way we can exploit the sparsity of the visibilit y

structure and we avoid using quadratic storage if we do not need to. W e use of such data

structures.

The external lo op is executed = (log ) times. In the internal lo op we select

randomly and uniformly for = 4 times a plane through the origin (i.e. a vertical

direction). W e compute the vertical cylindrical decomp osition of Mulm uley for that choice

of the vertical direction. F or each prism whose bases are supp orted by and , we add the

area of the pro jection of the prism to the counter .

At the exit of the external lo op we save the median v alue of the v alues for . When

we want to compute the approximation of we access and we divide 2 by . T o

approximate we divide by . W e can find easily all non-zero approximate form factors

by visiting the data structure. The size of the data structure is prop ortional to the numb er

of non-zero approximations to form-factors.

(1) By cho osing as v alue of the confidence parameter we obtain that, with probability

1 , the non-zero form factors have a simultaneous go o d approximation. The running

time is increased only by a factor (log ).

S S

S

S i i

i

i

7 Conclusions and Extensions zer o

the ortho gonal pr oje ctions metho d

(2) Our algorithm is particularly suitable in scenes with large emitting surfaces (e.g. a

window). Sometimes scenes have small sources of large radiant emission. In this case our

algorithm might estimate to 0 the form factor b etween this small source and small distant

visible ob jects. On the other hand the fact that the source is small causes no trouble in

computing form factors b etween the source and large close visible surfaces.

(3) It is p ossible to customize the algorithm so to compute only the form factors involving a

sp ecific p olygon by restricting the computation to the vertical cylinder based on . The

running time in this case would dep end on the average numb er of regular intersections within

the pro jection of . This is desirable if we want to place more stringent error conditions on

a form factor involving a bright surface .

(4) Unlike metho ds based on F ormula (1) our metho d do es not have any divergence problem

due to surfaces to o close to each other.

(5) Our algorithm do es not sp end time in computing form-factors, thus it is particularly

suited for scenes where the form factor matrix is sparse. Moreover, if a form factor is zero,

its approximation is by default also zero.

(6) Implementing the algorithm for the case of two surfaces without o cclusions should b e

easy . F or the general problem, the difficult part is the computation of the vertical cylindrical

decomp osition. The 3-dimensional sweeping algorithm of Mulm uley

, which gives us the b est

b ound, is challenging to implemen t since it relies on the dynamic maintenance of planar maps

[PT90 ]. If we are willing to relax the time b ound we can instead pro ject all the surfaces onto

a plane and use as algorithmic skeleton the line sweep algorithm of Bentley and Ottman

[BO79].

In this pap er we have presented a new metho d, or paradigm, for computing the form factors

among p olygons in 3-space with o cclusions (christened ).

W e derive a b ound on the absolute approximation error under the assumption that the in-

tegrand function is computed using exact real arithmetic in the RAM mo del. W e describ e

a simple algorithm for computing an approximation to the form factor b etween two disjoint

non-o ccluded p olygons in 3-space. W e describ e an asymptotically efficient algorithm to ap-

proximate every non-zero form factor b etween disjoint p olygons in an o ccluded 3-dimensional

scene.

The integrals considered in this pap er can b e seen as asso ciated with a Galerkin metho d

where the functional basis is piecewise constant. When one uses a Galerkin metho d over

a more sophisticated functional basis (e.g. Legendre p olynomials, Jacobi p olynomials and

W avelets) more complex integrals are obtained [Zat93, GSCH93 , TM93, Hec92]. Usually

approximate quadrature metho ds are invoked in order to estimate such integrals. In the

context of our metho d one has to redefine the kernels of such integrals as a function of lines

meeting pairs of surfaces, as opp osed to a function of p oints on such surfaces. Such an integral

could than b e split in an external integral on a domain of directions and an inner integral

asso ciated with an orthogonal pro jection. If our surfaces are p olyhedral and the functional

+

8 Ac kno wledgmen ts

References

SIAM J.

on Computing

Com-

puter Gr aphics

The

Monte Carlo Metho d

The metho d of statistic al trials (The Monte Carlo metho d)

Pr o c e e dings of Eur o grp ahics Workshop on

Photor e alistic R endering in Computer Scienc e

IEEE T r ans. Comput.

Computer Gr aphics

Metho ds of numeric al inte gr ation

Journal of He ath T r ansfer

An intr o duction to pr ob ability the ory and its applic ations basis is p olynomial, such inner integrals are easy to compute exactly (see [Pel96] for such

a technique applied in a different context). One p ossible adv antage with resp ect to other

metho ds is that dealing with o cclusions without sp oiling the quality of the approximation is

easy within our framework.

Thanks Nina Amen ta and the Geometry Centre at the University of Minnesota, where this

research was initiated. Thanks to the anonymous referees whose comments have help ed in

improving the presentation.

[AM93] P

.K. Agarwal and J. Matou ˇ sek. Ray sho oting and parametric search.

, 22(4):794–80 6, 1993.

[Arv94] J. Arvo. The irradiance jacobian for partially o ccluded p olyhedral sources.

, pages 343–350 , 1994. Pro ceedings of SIGGRAPH 94.

[BGS 66] N.P

. Buslenko, D.I. Golenko, I.M. Sob ol’, V. G. Sragovǐ c, and Ju. A.

ˇ

Sreider.

. Pergamon Press, Oxford, 1966. Y u. A. Shrider (Ed.). Also

, Fizmatgiz, Moscow,

1962.

[BJ94] P

. Brunet and F.W. Jensen, editors.

. Springer V erlag, 1994.

[BO79] J. L. Bentley and T. A. Ottmann. Algorithms for rep orting and counting geo-

metric intersections. , C-28:643–6 47, 1979.

[CG85] M.F. Cohen and D.P

. Greenb erg. The hemicub e: a radiosity solution for complex

environemnts. , 19(3):31–4 0, 1985. Pro ceedings of SIGGRAPH

’85.

[DR75] P

.J. Davis and P

. Rabinivitz. . Academic Press,

New Y ork, 1975.

[EJLA91] A.F. Emery

, O. Johansson, M. Lob o, and A. Abrous. A comparative study of

metho ds for computing the diffuse radiation viewfactors for complex structures.

, 113:413–4 21, 1991.

[F el68] W. F eller. . John Wiley

& Son, New Y ork, 1968. Third edition.

+

Computer Gr aphics Pr o c e e dings, Annual Confer enc e Series, 1993

Computer

Gr aphics (SIGGRAPH ’84 Pr o c e e dings)

Computer Gr aphics F orum (Eur o gr aphics

’92)

Pr o c c e dings of the Fifth Eur o gr aphics

Workshop on R endering

Computer Gr aphics

The or etic al Computer Scienc e

Computer Gr aphics (SIGGRAPH ’86 Pr o c e e dings)

Computer Gr aphics

Computer

Gr aphics

Pr o c.

23r d Annu. ACM Symp os. The ory Comput.

Computer Gr aphics (SIGGRAPH ’85 Pr o c e e dings)

[GSCH93] Steven J. Gortler, Peter Schro der, Michael F. Cohen, and Pat Hanrahan. W avelet

radiosity

. In ,

pages 221–230, 1993.

[GTGB84] Cindy M. Goral, Kenneth E. T orrance, Donald P

. Greenb erg, and Bennett Bat-

taile. Mo delling the interaction of light b etween diffuse surfaces. In

, volume 18, pages 212–22, July 1984.

[Hec92] Paul Heckb ert. Radiosity in flatland.

, 11(3):181–1 92, Septemb er 1992.

[HP95] P

. Hanrahan and W. Purgathofer, editors.

. Springer V erlag, 1995.

[HSA91] P

. Hanrahan, D. Salzman, and L. Aupp erle. A rapid hierarchical radiosity al-

gorithm. , 25(4):197– 206 , 1991. Pro ceedings of SIGGRAPH

’91.

[JVV86] M. Jerrum, L. V aliant, and V. V azirani. Random generation of combinatorial

structures from a uniform distribution. , 43:169–

188, 1986.

[Ka j86] James T. Ka jiya. The rendering equation. In David C. Ev ans and Russell J.

Athay

, editors, , volume 20,

pages 143–150, August 1986.

[KKK 90] N. Karmark ar, R. Karp, R. Karp, L. Lov asz, and M. Luby

. A monte-carlo algo-

rithm for estimating the p ermanent. T echnical Rep ort TR-90-063, Interantional

Computer Science Institute, Berkeley

, 1990.

[Lam60] Lamb ert. Photometria sive de mensura et gradibus luminis, colorum et umbrae,

1760. German translation by E. Anding in Ostwald’s Klassiker der Exacten Wis-

senschaften, V ol 31-33, Liepzig, 1892.

[LSG94] D. Lishinski, B. Smith, and D.P

. Greenb erg. Bounds and error estimates for

radiosity

. , pages 67–74, 1994. Pro ceedings of SIGGRAPH 94.

[Mit91] D.P

. Mitchell. Sp ectrally optimal sampling for distribution ray tracing.

, 25(4):157–1 62, 1991. Pro ceedings of SIGGRAPH ’91.

[Mul91] K. Mulmuley

. Hidden surface remov al with resp ect to a moving p oint. In

, pages 512–52 2, 1991.

[NN85] T omoyuki Nishita and Eihachiro Nak amae. Continuous tone representation of

three-dimensional ob jects taking account of shadows and interreflection. In B. A.

Barsky

, editor, , volume 19,

pages 23–30, July 1985.

Algorithmic a

Pr o c e e dings of the 7th ACM-SIAM Symp osium on Discr ete Algorithms

Computational Ge ometry: an Intr o duction

The or et. Comput. Sci.

Pr o c e e dings of SIGGRAPH ’94

Inte gr al Ge ometry and Ge ometric Pr ob ability

Eur o gr aphics 93

Thermal R adiation He at T r ansfer

Computer

Gr aphics

Eur o gr aphics ’91

Computer Gr aphics

T en le ctur es on the pr ob abilistic metho d CBMS-NSF

R e gional Confer enc e series in Applie d Mathematics

[Pel93] M. Pellegrini. Ray sho oting on triangles in 3-space. , 9:471–494,

1993.

[Pel96] M. Pellegrini. Electrostatic fields without singularities: Theory and algorithms.

In , pages

184–191, 1996.

[PS85] F.P

. Preparata and M.I. Shamos. .

Springer V erlag, 1985.

[PT90] F. P

. Preparata and R. T amassia. Dynamic planar p oint lo cation with optimal

query time. , 74:95–11 4, 1990.

[SAG94] B. Smits, J. Arvo, and D. Greenb erg. A clustering algorithm for radiosity in

complex environments. In , pages 435–442 , 1994.

In Computer Graphics.

[San76] L. A. Santal´ o. . Addison-W esley ,

Reading, MA, 1976.

[Sb e93] M. Sb ert. An integral geometry based metho d for fast form-factor computation.

In R. J. Hubb old and R. Juan, editors, , pages 409–420, 1993.

Also in Computer Graphics F orum, vol 12, num 3, 1993.

[SH92] R. Siegel and J.R. Howell. . Hemisphere Pu.

Co., W ashington, 1992. Third edition.

[SH93] P Schro der and P

. Hanrahan. On the form factor b etween two p olygons.

, pages 163–164 , 1993. Pro ceedings of ACM SIGGRAPH 93.

[Shi91] P

. Shirley

. Time complexity of monte carlo radiosity

. In W erner Purgathofer,

editor, , pages 459–46 5. North-Holland, Septemb er 1991.

[SP89] F. Sillion and C. Puech. A general two-pass metho d integrating sp ecular and

diffuse reflection. , 23(3):335–34 4, 1989. Pro ceedings of SIG-

GRAPH ’89.

[Sp e87] J. Sp encer. , volume 52 of

. SIAM, 1987.

[SPNP94] M. Sb ert, X. Pueyo, L Neumann, and W. Purgathofer. Global multi-path

monte carlo algorithms for radiosity . T echnical Rep ort IMA-94-04, Departament

d’informatica i matematica aplicada, Universitat de Girona, 1994.

[SPP95] M. Sb ert, X. Pueyo, and W. Purgathofer. Adding progressivity to the global monte

carlo radiosity metho d. T echnical Rep ort IMA-95-01, Departament d’informatica

i matematica aplicada, Universitat de Girona, 1995.

n

O ϵ

A Comparison of algorithms for appro ximating form-

factors

Computer Gr aphics Pr o c e e dings, Annual Confer enc e Series,

1993

Pr o c e e dings of Computer Gr aphics In-

ternational ’93

Computer Gr aphics

Computer Gr aphics

Computer Gr aphics Pr o c e e dings, Annual Confer enc e Series, 1993

exactly

[TM93] Roy T routman and Nelson L. Max. Radiosity algorithms using higher order finite

element metho ds. In

, pages 209–212 , 1993.

[TT93] N.M. Thalman and D. Thalman, editors.

. Springer V erlag, 1993.

[WEH89] J.R. W allace, K. A. Elmquist, and E.A. Haines. A ray tracing algorithm for

progressive radiosity

. , 23(3):3115– 324 , 1989. Pro ceedings of

SIGGRAPH ’89.

[WRC88] G.J. W ard, F.M. Rubinstein, and R.D. Clear. A ray tracing solution for diffuse in-

terreflection. , 22(4):85–92 , 1988. Pro ceedings of SIGGRAPH

’88.

[Zat93] Harold R. Zatz. Galerkin radiosity: A higher order solution metho d for global

illumination. In ,

pages 213–220, 1993.

The algorithms develop ed for computing form factors come under many different families,

some are randomized (Monte Carlo), some deterministic. A large v ariety of approximations

in v arious asp ects of the algorithm are used. Usually

, neither the time b ounds nor the

error b ounds are derived by analysis. F or this reason we will not attempt to describ e these

metho ds as originally describ ed in literature. Still, it is instructive to compare our metho d

of orthogona l pro jections with the other known metho ds. The comparison is based on the

following criteria:

(i) W e consider the total cost of computing all form factors, that is, a form factor for each

pair of surfaces, in presence of o cclusions, for an input set of disjoint convex p olygons in

3-space with vertices and edges.

(ii) W e classify algorithms into families according to the formulation of the form factor as an

integral that is used as guideline of the computation.

(iii) W e consider in each such family the Monte Carlo metho d in which the domain of inte-

gration is sampled uniformly at random and the integrand function is computed in

the real-RAM mo del.

(iv) F or the exact computations of the integrand function we will refer currently known

metho d with known worst case deterministic or exp ected time b ounds.

(v) When we are not b e able to b ound the absolute error, we consider the less demanding

requirement that the convergence rate of the error, as derived from simple analysis of the

Monte Carlo metho d in [DR75] is at least ( ) on each form factor. Here we rule out, for

×

×

−

− −

− i j

i

j i j

2

2

2 2 3 2

2 2

O n n

O nϵ C ost v isibility map

n

O n ϵ O n ϵ

S S

O n ϵ

C ost r ay P r epr oc n

S

S S S

Analytical

Mon te Carlo ra y tracing

Cen tral Pro jection Metho ds (or Hemisphere metho d)

Double area in tegration

Hierarc hical radiosit y metho ds (HR) example, the usual assumption done in the hemi-cub e algorithm that the centre of a surface

is sufficient to characterize form factors for the whole surface.

Many metho ds used in practice are obtained by those listed b elow by using approximations

in determining also the integrand function and/or by using predefined lattice p oints instead

of random p oints. A survey of metho ds used to compute diffuse radiation form factors is in

[EJLA91 ]. The hierarchical decomp osition metho d of Hanrahan et al. [HSA91] falls somewhat

outside our Monte Carlo framework and the comparison of the running time of this algorithm

with the running time of the metho d of orthogonal pro jections is more problematic.

1. . The double area integral is solved analytically

. This metho d is used in

simple case where o cclusion is not present. F or example, the metho d of Schr¨ oder and

Hanrahan [SH93] for two uno ccluded convex p olygons gives the exact v alue in time

( ) where is the numb er of edges of the p olygons. Occlusions are not treated and

the closed forms used contain trascendental functions (bi-logarithmic function).

2. . See Intro duction (Section 1.9).

3. . This metho d is based on

Nusselt pro jection metho d [SH92] and is based on F ormula (2). An exact computation

of the integrand function in F ormula (2) entails the computation of a spherical visibilit y

map from a p oint. If we adopt an approach without prepro cessing, we obtain a cost

( (1 )). Computing visibility map may take time b etween

linear and quadratic in dep ending on the input. Thus the hemisphere metho d ranges

in complexity b etween ( ) and ( ). More complex implem entations involv-

ing prepro cessing and/or output sensitive algorithms can improve the running time,

although not in the worst case.

The hemi-cub e algorithm [CG85 ] is based on an approximate (discrete) computation of

the visibility map using a rectangular grid and on using tabulated v alues of the kernel

function in (2).

4. . This metho d corresp onds to a direct Monte Carlo inte-

gration of F ormula (1). W e cho ose randomly p oints on two surfaces and and,

if the segment joining them do es not intersect any other surface, we compute the in-

tegrand function in 1. The on-line approach to this metho d requires time (

(1 )) + ( )). The considerations in Section 1.9 on ray sho oting among

p olyhedra apply here as well.

5. . Hanrahan et al. [HSA91] describ e a metho d

for computing a matrix that approximate the form factor b etween two surfaces and

. Surfaces and are sub divided recursively into sub-patches until the form factor

b etween two patches drops b elow a (small) threshold v alue. The form factor b etween

patches is b ounded using the v alue of the differential form factor b etween the center

of one patch and a disk enclosing the other patch, for which a simple closed formula

is av ailable. The gist of the argument is that not every pair of subpatches need to b e

2

O n clustering

In tegral geometric c haracterizations considered indep endently

, instead, the resulting matrix of sub-form factors is structured

into large rectangular blo cks. Thus, even if we have expanded the computation of a

single form factor into a (relatively) large matrix, the subsequent solution in terms of

radiosity is sp eeded up by the blo ck structure of the matrix. The correlation b etween

the threshold v alues and the numb er of patches is studied exp erimentally

. Similarly

, the

relation b etween the threshold v alue and the final error in estimating the form factor

b etween the surfaces is explored by means of exp eriments.

Hierarchical radiosity metho ds of a second typ e deal with the problem of the

given surface into groups so to avoid computing all ( ) form factors indep endently

[SAG94]. Here the error analysis is of the a-p osteriori typ e and is based on b ounding

the maxim um v alue of the kernel function in (1) b etween well separated clusters of

surfaces.

6. . See Intro duction (Section 1.8).