∗

∗

Chapter 1

Marco Pellegrini

bidir e ctional r efle ctanc e distribution function

Rendering Equation Revisited: ho w to Av oid Explicit Visibilit y Computations

Abstract

1 Intro duction

1.1 Handling o cclusions

1.2 Ev aluation of rendering factors

Istituto di Matematica Computazionale del CNR, Via

S.Maria 46, 56126-Pisa (Italy). e-mail: p ellegrini@imc.pi.cnr.it

The rendering integral equation was intro duced by Ka jiya

[16] to mo del the equili bri um of radiant energy exchange

in a 3D scene with non partecipatin g medium and surfaces

exhibitin g a v ariety of lo cal illumi nati on effects includ in g

diffuse, glossy and sp ecular reflectance. This equation has

b een extensively applied in the area of photoreali stic ren-

dering, sp eciall y in its radiosity form. In this pap er we first

derive a new form of such an integral equation and then we

apply to the new equation the radiosi ty solution technique.

There are two main novelties with resp ect to the previousl y

known radiosity treatments. First of all we avoid any ex-

plicit global visibil i ty computation by simulatin g visibil i ty

as a sup erimp osi tio n of indep endent effects at the level of

the integral equation. The calculati ons do not need to carry

around any explic it visibi li ty information; nor such visibil i ty

information is kept in exp ensive auxiliar y data structures.

Secondly

, by use of integral geometric transformations, we

reduce the six-dimensi on al integrals representing co efficients

of the radiosity matrix to two-dimensiona l ones. W e show

that such integrals can then b e reduced to a form for which

a result in [25] gives an high precision numerical approxi-

mation algorithm. The technique presented works for any

piecewise p olynomi al functional basis adopted in general-

ized radiosi ty discretizati on and places mild condition s on

the other functions of the mo del.

1

In the first part of the pap er we give a new form

of the integral rendering equation whose main feature

is that o cclusions are simulated by sup erimp osition.

The intuitive idea is that we allow light energy to

go through opaque ob jects but, when this happ ens,

we generate an additional flow of energy in the same

direction of equal magnitude but with opp osite sign, so

that p ositive and negative energies cancel out b ehind

the ob ject to give the o cclusion effect. This change

of sign is obtained by extending the domain of the

(BRDF) inside the ob jects and is thus a purely lo cal feature of

the mo del. This approach results in avoidance of the use

of any auxiliary data structure to keep track of visibility

or any other explicit visibility calculation. Instead

o cclusions are treated within the same formalism (and

therefore the same co de) we would use to describ e

uno ccluded rendering factors. Thus we have reduced the

problem of computing rendering factor with o cclusions

to that of rendering factors without o cclusions. The

sup erimp osition itself is attained implicitly during the

solution of the linear system.

The handling of o cclusion by sup erimp osition is

exact at the level of the integral equation (that is, the

solution of the integral equation is unchanged) and not

heuristic as the metho ds mentioned in 1.5. In other

words the discretization approximation intro duced are

just those inherent to many numerical schemes, such

as those for electrostatics, where sup erimp osition is

exploited.

Willmot and Heckb ert [43] p oint out that p o or

treatment of o cclusions in known wavelet metho ds is

a source of p o or quality in some test images. The

o cclusion handling technique shown in this pap er, b eing

mathematically sound, has a fair chance of eliminating

such source of problems. However it should b e noted

that the treatment shown in this pap er is indep endent

of any particular choice of basis function so its main

features, (i.e. handling of o cclusions and integration

technique) can b e used with any basis (wavelet or not)

which are known to give further b enefits.

In the second part of the pap er we give a new

discrete form of the rendering equation based on inte-

gral geometric transformations. Such integral geometric

tricks have b een applied to radiosity equations in [23]

and to electrostatic problems in [22]. The main ad-

v antage with resp ect to the the previous deriv ations is

that the entries of the matrix are represe nted by two-

dimensional integrals, instead of six-dimensional inte-

grals. Thus much fewer kernel ev aluations are needed

in general to approximate each co efficient to the same

precision. With some mild hyp otheses on the analytic

2

c

•

•

•

•

•

•

ϵ O /ϵ c >

c

ϵ

1.3 Background: The Rendering Equation

1.4 Background: Numerical metho ds for ren-

dering equation

bidir e ctional r efle ctanc e distribution function

r endering e quation

r adiosity b asis

test function

r endering factors

p air of p atches

triplet

of p atches

2

form of the basis and of the BDRF such co efficients can

b e reduced to a form very similar to that of higher or-

der form factors arising in the discretization of radiosity

equations. This similarity implies that we can apply an

integration algorithm in [25] which gives an absolute er-

ror in time (log (1 )), for a real 1, on each

entry of the rendering matrix. The real v alue do es not

dep end on ; it dep ends however on the input data.

The rendering equation has b een intro duced by

Ka jiya [16] to describ e the equilibrium condition of

radiative energy exchange among a set of surfaces within

a non-partecipating medium in 3-space. It is customary

to distinguish b etween lo cal light effects and global light

effects. Lo cal light effects (such as diffuse, sp ecular

and glossy reflectance of materials) are mo delled by the

(BRDF for

short) which represents the amount of energy received at

a p oint of a surface from some direction and re-emitted

in a second direction [33, 9]. Global illumination

captures the effects due to light exchanged by surfaces

and is usually based on the integral equation of Ka jiya

[16], the .

The equation is derived from the render-

ing equations with the additional hyp othesis that the

BRDF do es not dep end on the directions of incoming

and outgoing light. This corresp onds to mo delling only

diffuse reflection, while mirror and glossy effects are lost.

Even for the simplest geometries no exact solution is

known and therefore numerical approximation metho ds

are used to solve such equations. The main approaches

to the solution of rendering (and radiosity) equations

can b e classified as follows:

Ray tracing approach (see [4, 42] and reference d

therein).

Radiosity or Boundary Elements approach (see

[33, 9] and referenc es therein). F or a general

intro duction to finite element metho ds in radiosity

we refer to [13], [14] and [5].

Mixed metho ds (see [19] and reference s therein).

W e place our research within the b oundary element

approach and in particular within the Galerkin-typ e

radiosity metho ds (see [44, 41]). It is not our purp ose

to compare the relative merits of finite element, ray-

sho oting or mixed metho ds. The purp ose of this

pap er is to address issues raised by computational

b ottlenecks in known b oundary elements approaches.

Three main computational b ottlenecks in b oundary

element metho ds applied to rendering equations are the

following:

Handling of o cclusions;

High dimensional numerical integration;

Density of the radiance matrix.

Below we give an overview of numerical metho ds

applied to radiosity and rendering equations and a

discussion of the three b ottlenecks mentioned ab ove.

At an high level the Galerkin metho d consists of

two steps. In the first step the unknown function which

is the solution of the integral equation is replaced by

the linear combination of known functions taken from

a finite set of functions called the . The elements

of the basis are known, while the real co efficients of the

linear combination are the v ariables to b e determined.

W e can multiply b oth sides of any integral equation by

any function (called a ) defined on the same

domain of the unknown function and then integrate over

such a domain to obtain a new equation. The Galerkin

metho d consists in taking as test functions exactly the

basis. In the derived equations the only v ariables are

the real co efficients of the linear combinations, therefore

we can use linearity of integral op erators to take them

out of the integral sign. What is left is a linear equation

where the co efficients are integrals involving the integral

op erator and the basis functions. Such co efficients do

not seem to have a standard name and we shall refer to

them as the . F or more details on finite

element metho ds applied in radiosity and rendering we

refer the reader to [13], [14] and [5].

Early work on extending numerical metho ds for the

radiosity equations to rendering equations with non-

diffuse reflection are in [15, 31, 32, 34]. In [6] the

rendering equation is used as a starting p oint for the

deriv ation of a discretized radiance system of linear

equations. However the approach in [6] is not a pure

Galerkin approach since we have (using a piecewise

constant basis) a v ariable for each from

different p olygons and a co efficient for each

from three different p olygons. Using an

argument similar to one in [11] it is then justified

the exp erimental finding that the numb er of significant

co efficients actually scales linearly with the numb er of

patches in the refinement, while such numb er is cubic

in the numb er of input p olygons. The deriv ation of

the discretized linear system used in [10] as well as

here is different from the one in [6] and closer to

the standard Galerkin metho d; in particular (for the

piecewise constant basis) only one v ariable p er patch

is needed. The use of wavelet basis within rendering

has b een explored by Gortler, Schr¨ oder, Cohen and

Hanrahan [10, 29, 30].

2

L

L

n

k

k n m

O n m

m

m

n dir e ctional

sp atial

Rendering Equation Revisited

1.5 Previous metho ds for handling o cclusions

1.6 On the sparsity of the rendering matrix

3

F ollowing [30] the rendering equations can b e writ-

ten in two different co ordinate systems. In the first sys-

tem, called parameterization, the radiance

is a function of a p oint on the surfaces of the scene and a

direction (see (2.1) b elow). In the second system, called

parameterization the radiance is function of

pairs of p oints on the surfaces (see (2.2) b elow). A re-

cent algorithm describ ed in [30] prop oses a numerical

solution of such equation (in b oth formulations) by us-

ing a wavelet functional basis. Provided certain smo oth-

ness prop erties of the kernels are satisfied, the v anishing

mom ents prop erty asso ciated with wavelets implies that

the resulting matrix op erator is sparse [7, 1]. Each non-

zero element of the op erator matrix is represented as a

6-dimensional integral which is ev aluated in [30] using

six-dimensional Gaussian pro duct quadrature rules. F or

such integrals complete visibility is assumed among the

supp orting patches. Such visibility condition prop erty

is conserv atively established and maintained under suc-

cessive hierarchical refinements using an auxiliary data

structure describ ed in [38].

Occlusions are well known source of theoretical and

practical difficulties in rendering. Occlusions play a

prominent role in hidden surface remov al, in ray sho ot-

ing and in any typ e of visibility problem. Here we con-

centrate on the role of o cclusions in rendering compu-

tations within a b oundary element typ e of approach.

One approach is to compute explicitly visibility

maps, either in a continuous or a rasterized setting.

In the well known hemicub e metho d [8] o cclusions

in the computation of form factors are treated by

using a z-buffering algorithm applied on the surface

of the hemicub e. A similar approach is used in [18].

Continuous visibility maps are computed by a sweeping

approach and dynamic maintenance of planar maps in

[21, 23, 37].

A second approach is to separate the rendering fac-

tor in the pro duct of two terms, one is the rendering

factor integral where the visibility function is neglected.

The second term is a correcting factor that takes into

consideration only the visibility either in a discrete or

in a continuous setting. Hanrahan et al. [11] ap-

ply ray sho oting op erations to determine an o cclusion-

corrective parameter used as multiplier to the the re-

sult of the computation a form factor which disregard

o cclusions. This approach requires a ray sho oting auxil-

iary data structure, such as binary space partition trees

(BSP). Zatz [44] deals with the visibility function (see

formula (2.3) b elow) within the calculation of the ma-

trix co efficients by moving it out of the integration sign

and integrating the visibility function separately from the residual (intuitively this corresp onds to changing

the integral of a pro duct of functions with the pro duct

of the integrals of the functions). Naturally such op era-

tion gives a close approximation of the original integral

only when the two functions have a low correlation. In

general however it is hard to tell a priori whether such

assumption is justified for the input at hand. More re-

cently

, in [36], a similar assumption is used to approxi-

mate the integrals defining the p ointwise irradiance [33].

A third approach in [29, 30] consists in computing

rendering factors only for fully visible pairs of patches,

while for any other pair a default zero v alue is set as

the corresp onding entry of the radiance matrix. An

auxiliary data structure describ ed in [38] is invoked to

store such visibility information and dynamically up-

dated at each level of mesh refinement. This data struc-

ture requires non trivial computations in 5-dimensional

Pl ¨ ucker space [24].

In certain contexts like a walkthrough in large in

buildings [39], o cclusions may b e b eneficial. Large o c-

cluders pro duce a partition of the visibility computation

due to the fact that large walls completely o cclude many

pairs of patches. W e can avoid a considering such pairs,

thus improving the sparsity of the resulting matrix. In

other scenes like a single ro om with many small ob jects,

o cclusions do not significantly reduce a priori the num-

b er of pairs to b e considered,thus keeping track of pairs

of completely visible, partially visible or completely o c-

cluded pairs of patches b ecomes a cumb ersome side task

which do es not payoff by sp eeding up later stages of the

computation.

The next imp ortant b ottleneck is the den-

sity/sparsity of the resulting rendering matrix. Let us

supp ose that we have as input a set of interior dis-

joint triangles and that in the basis we use a -terms

expansion of the solution, where = + . The

rendering matrix will have (( + ) ) terms. Sev-

eral techniques have b een explored to make the matrix

sparse by avoiding the computation of co efficients that

are zero or very small. F or example, hierarchical ra-

diosity/rendering [11] aims at reducing the dep endency

of the complexity in the parameter . As noted in

[30], results in [7, 1], imply that, provided some smo oth-

ness conditions are satisfied, a radiosity approach with

a wavelet basis pro duces an op erator matrix sparse in

(indep endently of additional sparsity due to o cclu-

sions). Clustering techniques, such as those in [35, 2],

aim at reducing the dep endency of the complexity on

the parameter .

In this pap er we do not intro duce any new sparsifi-

cation technique, we notice however that our discussion y

1

∫

∫

·

∈

≥

− ·

| − |

1

2

2

3

0

Σ

2

Theorem 1.

η n > y

y

x

x y

x y

x y n

k

k n ϵ

O k /ϵ

R

L E

ρ

L y , ω E y , ω

ρ y , ω , η L x y , η , , η η n dη

y x ω η

x y , ω ,

y

ω n y

L y , z E y , z

ρ x, y , z L x, y G x, y dx

x, y , z

G x, y θ θ

x y

V x, y ,

θ θ

n n x y

V x, y ,

xy

1.7 Summary of results in this pap er

1.8 Organization of the pap er

2 Continuous and discrete forms of the

rendering equation

2.1 Standard contin uous forms of the rendering

equation

Given a set of interior-disjoint tri-

angles in 3-sp ac e, pie c ewise p olynomial emission func-

tions and pie c ewise p olynomial BRDF, we c an c om-

pute al l entries of the r endering matrix c orr esp onding

to a -terms exp ansion in a p olynomial b asis of the so-

lution of (a mo difie d form of ) the r endering e quation

(with ), within absolute err or p er entry, in time

.

Recently I have b ecome aware that many features of the

metho ds and algorithms in [21, 23] have b een indep endently

describ ed in [18, 37]. The main difference b etween [21, 23] and

[18, 37] is in the error analysis. The analysis in [21, 23] is

mostly concerned with the computation of the form factors and

asymptotic b ounds are proved for the complexit y of computing all

form factors in terms of the numb er of input p olygons and an a

priori user-con trolled threshold to the absolute error on each form

factor. In [18, 37] the error analysis correlates the exact solution

of the discretized radiosity linear system with the result obtained

by an iterativ e pro cedure.

4

is for a generic (piecewise p olynomial) choice of a basis

function, therefore it is compatible with wavelet-based

sparsification techniques.

More generally

, the techniques used in this pap er

are compatible and complementary with many other

techniques (e.g. for meshing, for adaptive choice of

functional basis) and the final quality of any prototyp e

will dep end also on the choice of such techniques aimed

at obtaining additional features such as sparsity and/or

continuity of the output solution. The discussion

of such auxiliary metho ds although imp ortant in any

implementation is nonetheless out of the scop e of this

pap er.

The work presente d in this pap er has its ro ots is

some ideas and techniques for computing form factors

describ ed in [21, 23]. The work presented in this pap er

differs significantly from [21, 23] in two asp ects. First

of all we deal with rendering equations whose (exact)

solution is defined over a 4-dimensional domain, while

the radiosity equation is defined over a 2-dimensional

domain. This impacts on the dimension of the integrals

(which is now 6) and we show how the dimension can b e

reduced to 2 by integrating analytically on 4 v ariables.

The algorithm used for the numerical integration in [25]

is novel with resp ect to [21, 23].

Secondly

, we avoid computing any discrete or com-

binatorial visibility map or any other explicit visibility

computation. W e can summarize the main result of this

pap er in the following theorem:

( log (1 ))

Polynomials are in Cartesian co ordinates and the set of

triangles may (and in general will) present o cclusions.

The admissible BRDF include also the functions needed

to simulate o cclusions and sp ecular effects which are based on the Dirac delta function. T riangles will b e

considered endowed with infinitesimal width so that we

can define the notion of interior and exterior relative

to . When the triangles form b oundaries of fully

dimensional p olyhedra (not necessarily convex) in 3-

space the notion of interior/exterior can b e asso ciated

with the p olyhedra themselves.

The present pap er is organized as follows. In

Section 2 we derive new continuous and discrete form

of the rendering equation. In Section 3 we discuss

the transformation of 6-dimensional integrals into 2-

dimensional ones and their numerical ev aluation. In

Section 4 we comment on the conditions imp osed on

the BDRF.

W e denote with Σ b e the collection of surfaces in

the scene and with Ω the unit sphere of direction. Let

b e the radiance function, the emitted radiance

function (which is non-zero for light sources), and

the BRDF mo delling the lo cal b ehaviour of light on the

surfaces. Two standard forms of the rendering equations

are rep orted in [33, 9, 30]. The first form is:

( ) = ( ) +

(2.1)

( ) ( ( Σ) )( )

where and are p oints on the surface Σ, and

are directions (p oints on the unit sphere Ω), ( Σ)

is the first p oint of Σ hit by a ray from in direction

, and is outer unit vector at normal to Σ. The

second form is:

( ) = ( ) +

(2.2)

( ) ( ) ( )

where are p oints on Σ, and

( ) = cos cos

( Σ)

(2.3)

where (resp. ) is the angle formed by the outer

normal (resp. ) and the line joining and , while

the function ( Σ) has v alue 1 if the op en segment

do es not intersect Σ, zero otherwise.

y

i i

i i

i i

∫

[

∑

]

∑

[

∫

∑

]

∫ ∫

∫ ∫

∫ ∫ ∫

∑

−

−

−

−

·

′

′

· ≥

′

∈ ∈

∈ ∈

∈ ∈ · ≥

′

+

+

+

+

+

+

0

=1

1

=1

( ) 0

Σ Ω

Σ Ω

Σ Ω ( ) 0

Rendering Equation Revisited

−

·

∈

∈

∈ ∈

−

− −

| · |

−

− −

∈

− | · |

−

−

×

× ∪ ×

· ·

× × \ ×

∈

∈

− | · |

×

×

− | · |

2.2 Simulating o cclusions by sup erimp osition

2.3 Deriv ation of the new discrete form

y

y η n > v

m m y

v

n

i i i

i,j

i i i i

i,j i,j i,j i,j

i,j

i,j

i

i

i,j

i,j

η n y

m m

i,j

i,j

i i

y ω i,j

y ω i,j

y ω η n y

m m i η

η

U η n >

U

ρ η U

ω U

ω U

U

U

ω U η U

ρ y , ω , η δ ω η

n η

δ

L y , η

L x, η L

η U

ρ y , ω , η .

L y , ω E y , ω ρ y , ω , η L x y , η , η η n dη

x . . . x

y η

ρ

y , ω l y , η

h x, η

h

L

f ,

L L

a f a

f

f

y dy y

ω dω

f y , ω L y , ω dy dω

f y , ω E y , ω dy dω

ρ y , ω , η L x , η η n y dη

f y , ω dy dω

f

f y , ω L y , ω dy dω

f y , ω E y , ω dy dω

ρ y , ω , η L x , η η n y dη f y , ω dy dω

5

In this section we show how to mo dify the BRDF

function describing the lo cal b ehaviour of light on the

surface in order simulate o cclusions by sup erimp osition.

The main idea is that energy arriving onto a surface

from a direction pro duces a negative energy flux in

direction so that b ehind the surface their sum is

null. Naturally this annihilation p ersists when multiple

surfaces are considered on the same ray .

F rom a mathematical p oint of view this mo dified

BRDF makes radiosity calculations much more similar

to BEM for conductors in electrostatics where the

sup erimp osition principle is used. W e will show that

the o cclusion effect is achieved on any single line, thus

the cancellation effect carries over on integrals of lines.

Using notation of the previous subsection, we start

from a standard form of the rendering equation (2.1).

Let us call the halfsphere where 0 we

integrate contribution of incoming light from since

the assumption is that light outside the ob jects cannot

go inside and vice versa, so to describ e the balance of

light outside the ob jects, we assume no sources inside

them. So is defined and used for , but also

is considered and used in b ecause by default

it is assumed that all the light received from outside

is re-sent outside. So . W e are thus free

to decide the v alue to asso ciate with directions in the

complementary domain and we use this freedom to

simulate o cclusions by means of a sp ecial BRDF defined

on .

So we define: for and :

( ) =

( ( ))

where is the Dirac delta function. Thus carrying

out easy calculation from (2.1) we obtain ( ) =

( ) which shows the negative flux. Note that

is preserved in absolute v alue through the surface but

changes sign.

F or :

( ) = 0

Intuitively for rays coming from inside an ob ject all

contributions cancel off anyway so we do not need to

count them.

W e have to mo dify the rendering equation and

collect contributions from all the intersection p oints

along a ray

, not just the visible one. The new form

of the rendering equation is:

( ) = ( ) +

(2.4)

( ) ( ( ) )

where , is the collection of p oints of intersection

b etween the ray from in direction on the surfaces in

Σ. With we denote the BRDF mo dified as ab ove.

An alternative way of viewing the sup erimp osition

is the following: it corresp onds to using formulae of

inclusion/exclusion instead of describing explicitly the

combinatorial structure of the visible set.

W e start our manipulations from formula (2.4). Let

( ) define the oriented line , and let ( ) define the

oriented line , then easily ( ) defines the oriented

line . This notation will b e imp ortant later to distin-

guish b etween the lines and their representation using

a co ordinate system. W e assume now an expansion of

the function into a functional basis. Sp ecifically we

consider a covering of the domain Σ Ω

Σ Ω = (Σ Ω )

Let ( ) b e a basis function with compact supp ort in

Σ Ω (i.e. it is identically zero in (Σ Ω) (Σ Ω )).

W e express the approximate solution

~

with

~

=

for unknown reals . W e now formally

multiply equation (2.4) by the weight function and

we compute the weighted residual which is then set to

zero. Practically we multiply by and integrate on

the differential surface element around : , for Σ ,

and by the differential element of the angle Ω : .

( ) ( ) =

( ) ( ) +

( )[ ( )] ( )

( )

next we integrate over the domain Σ Ω, however due

to the choice of supp ort for the functions this is

equiv alent to integrating over Σ Ω .

( ) ( ) =

( ) ( ) +

( )[ ( )] ( ) ( )

| · |

−

−

−

−

×

−

−

−

−

−

−

·

×

| || |

| || | − i i

i i

i i

i i

i

i i

i i

i i i i

i

i

i

i

i k k

i i

i i

i

∫ ∫

∫ ∫

∫ ∫

∑

∫

∑

[ ∫ ]

∫

∫ ∫

∫ ∫

∫ ∫

∫ ∫

∫

∑

∫

∑

∑

[ ∫ ]

∫

∫

∫ ∫

∫ ∫

∫

∑

Σ Ω

Σ Ω

Ω Σ =

Σ = Ω

Ω

Σ Ω

Σ Ω

2

Σ Ω

2

Σ Ω

Σ =

Σ =

=

=

Σ =

Σ =

Σ = Σ = ( ) Ω

Σ Ω

Σ Ω

Σ =

2.4 General functional basis

2.5 Piecewise constant basis

∈ ∈

∈ ∈

∈ ∩ ̸∅

′

∩ ̸∅ ∈

′

′

∈

′

∈ ∈

∈ ∈

∈ ∈

∈ ∈

∩ ̸∅

∩ ̸∅

∩ ̸∅

∩ ̸∅

∩ ̸∅ − ∩ ̸∅ − ∈

∈ ∈

∈ ∈

∩ ̸∅ i

y ω i,j

y ω i,j

ω h i,j

m m

m m m

m

h

m m

ω i,j

i,j

i,j i,j

ω i,j

i i

i

i,j

y ω i,j

i,j

y ω i,j

i,j i,j

i,j

y ω i

i,j y ω i,j i,j

i,j

i,j i,j i,j

h

m m i,j

i,j i,j i,j

h

k i,s k ,s k ,s i,j

i,j i,j i,j

k i,p k ,s

h k ,s i,j

k ,s

ij,k s k ,s

ij,k s

h k ,s i,j

h , h ,D ir h k ,s i,j

i,j

i,j

i i

y ω i i i

y ω i

i i i i

h

m m i η n y dη dy

h dh h

f y , ω L y , ω dy dω

f y , ω E y , ω dy dω

f y , ω ρ y , ω , η L h dhdω

h x , η L h

ω

L h

dω

L h ρ y , ω , η f y , ω dω dh.

ρ f

dω

Q h Q y , η

f y , ω ρ y , ω , η dω

f

f

f y , ω L y , ω dy dω

a f y , ω dy dω

H a

H f y , ω dy dω ,

f f ω , y E y , ω dy dω E ,

E

a H E L h Q h dh

L h

a H E a f h Q h dh

a H E a f h Q h dh

f

K a

K f h Q h dh

f h Q h dh

D ir

Q

f

L

j

L y , ω dy dω a

E y , ω dy dω E .

E

a E L h Q h dh

6

Up to now the deriv ation has b een quite standard. Since

( ) is the differential measure of lines around

, , for meeting Σ [27], thus we can rewrite more

compactly:

( ) ( ) =

( ) ( ) +

(2.5)

( ) ( )[ ( )]

Where by we denote the pair ( ). Since ( )

do es not dep end on we can exchange the order of

integration and take ( ) out of the integration in

:

[ ( )] ( ) ( )

W e assume that we have chosen the functions and

in a class for which we are able to integrate analytically

in . More precisely we assume the following function

to b e computable analytically:

( ) = ( ) =

(2.6)

( ) ( )

Polynomials naturally satisfy this prop erty . F rom here

it is convenient to show two deriv ations, one sp ecific for

a piecewise constant functional basis and one for more

general functional basis.

W e assume that for each domain Σ Ω we have

either one function or several functions orthonormal

functions . In either case we discuss the terms of

equation (2.5):

( ) ( ) =

( )

F or short we denote with the co efficient of :

= ( )

which we supp ose to b e able to integrate analytically .

The emitted energy is weighted by the function :

( ) ( ) =

and we are able to compute analytically when it is

a p olynomial. Summarizing:

= + [ ( )] ( )

Using the expansion of ( ) we get:

= + ( ) ( )

rearranging:

= + ( ) ( )

Now we restrict the integration domain to lines for

which is not zero, therefore obtaining the following

expression for the co efficient of :

= ( ) ( ) =

(2.7)

( ) ( )

where ( ) denotes the direction of a line. Note that

here the function carries contribution from the

BDRF and from the basis function .

Let us consider the

sp ecial case of piecewise constant discretization of , we

drop the subscript since a unique unit step function

is asso ciated with each domain Σ Ω . Let us discuss

each term of equation (2.5):

( ) = Σ Ω

and:

( ) =

When the function is piecewise p olynomial we are

able to compute analytically the ab ove integral.

Summarizing:

Σ Ω = + [ ( )] ( )

Theorem 2.

i

i

i

i k k

i k k

−

| || | −

| || | −

−

·

∩ ∩

−

−

− ∈

∫

∑

∑

[ ∫ ]

∫

∫

∫

∫ [ ∫ ]

∫

∫ ∫ Σ =

=

=

Σ =

Σ =

Σ = Σ = ( ) Ω

= =

1 2

Ω

Ω

2

Rendering Equation Revisited

∩ ̸∅

∩ ̸∅

∩ ̸∅

∩ ̸∅ − ∩ ̸∅ − ∈

∩ ̸∅ ∩ ̸∅

′

′

∈

′

′

− ∈

3 Ev aluation of the matrix co efficients

4 Notes on the conditions imp osed on the

BDRF

Inte gr als (2.8) and (2.7) c an b e c om-

pute d up to absolute err or in time for a

c onstant .

i i i i

h

k i k k i

i i i i

k i k

h k i

k

k

h k i

h , h ,D ir h i

i,j k ,s

i k

ij,k s

l,L T ,l T ij k s

ij,k s

u q ij k s

q ij k s ij,k s

ij,k s

u q k s ij

k s

ij

k

k

c

ij

L h

a E a f h Q h dh

a E a f h Q h dh

f

a

f h Q h dh

Q h dh

D ir

f f

T T

C f p f p dl

p l T p l T dl

l

u, q u l q

l P u u

dl dudq

C f p f p dq du.

f

u

f p f p dq h q , u

K

K f u, q Q u, q dq du

u f u, q

q

Q u, q

u

ϵ O /ϵ

c >

Q q , u

q

u

7

Using the expansion of ( ) we get:

Σ Ω = + ( ) ( )

rearranging:

Σ Ω = + ( ) ( )

Now we restrict the integration domain to lines for

which is not zero, obtaining the following expression

for the co efficient of :

( ) ( ) =

( ) (2.8)

where ( ) denotes the direction of a line.

In the next section we will show that co efficients

(2.8) and (2.7) have a form very similar to expressions

for higher order form factors (the corresp onding co ef-

ficients of radiosity equations) develop ed in [25]. As

a consequence (asymptotically) fast integration algo-

rithms describ ed in [25] can b e used for approximating

(2.8) and (2.7).

In [25] it is shown that the higher order form factor

b etween basis functions and supp orted on

triangles and can b e represente d by the following

integrals of lines:

= ( ) ( )

(3.9)

where = and = , and is the differential

measure of lines in 3-space [27]. Next we express a line

as a pair ( ), where is the direction of , and is the

intercept of with a plane ( ) of normal containing

the origin. In such co ordinates = , therefore:

= ( ) ( )

(3.10)

The hyp othesis placed on the functions is that

they are p olynomial in Cartesian co ordinates, since this

ensures that fore very fixed direction the inner integral

( ) ( ) is computable analytically . F ollowing the same scheme

we express = ( ) and we obtain the following

expression for :

= ( ) ( )

(3.11)

T o apply the technique in [25] we make the assumption

that, for any fixed , ( ) is p olynomial in lo cal

Cartesian co ordinates for . This assumption is easy

to satisfy by using a pro duct p olynomial basis. Also

( ) needs to satisfy the same condition, which is

discussed in the next section.

Finally the domain of the external integration is

restricte d to direction such that Ω . If we restrict

the p ossible shap es for Ω to convex spherical p olygons

(therefore a shap e b ounded by arcs of great circles on

Ω) we can accommo date the range reduction within the

spherical domains considered in [25]. Therefore, using

the result in [25] for higher order form factors, it is

p ossible to prove that:

(log (1 ))

1

The stronger assumptions used in this deriv ation seem

to b e those placed on the BDRF, in particular we as-

sume that the integral in (2.6) can b e solved analyti-

cally

, and that the function ( ) is p olynomial in

the lo cal cartesian co ordinates of for any fixed v alue

of .

If the BRDF is piecewise p olynomial in Cartesian

co ordinate these conditions are met. However it is

p ossible to enlarge the class of admissible functions.

In scenes comp osed of p olygonal surfaces, where each

surface patch is of homogeneous material the BRDF is

usually indep endent from the co ordinates of p oints on

the patch, thus, if we use a p olynomial basis function

with separable spatial and angular v ariables, the second

requirement is easily satisfied.

A detailed survey of mo dels for BRDFs used in

computer graphics is b eyond the scop e of the present

article and we refer the reader to [33, 9] for sources

of bibliographical data. In general, BRDFs can b e

obtained by interp olation of measured data, scattering

simulations, physically-based mo dels (e.g. microfacet

theory [40]) or empirical mo dels (e.g. Phong’s mo del

[26]). A technique due to Arvo [3] can b e used to

integrate analytically functions defined on the surface

of the unit sphere. This technique is suitable for

integrating Phong’s BRDF. With somewhat more effort

5 Conclusions

References

SIAM Journal on Scientific

Computing

Computer Gr aphics (SIG-

GRAPH ’95 Pr o c e e dings)

SIGGRAPH 95 Confer enc e Pr o c e e dings

Computer

Gr aphics (SIGGRAPH ’90 Pr o c e e dings)

Pr o c e e d-

ings of SIGGRAPH ’94 (Orlando, Florida, July 24–29,

1994)

Computer Gr aphics Pr o c e e dings, Annual Confer enc e

Series, 1993

Communic a-

tions on Pur e and Applie d Mathematics

Computer Gr aphics

(SIGGRAPH ’85 Pr o c e e dings)

R adiosity

and R e alistic Image Synthesis

Computer

Gr aphics Pr o c e e dings, Annual Confer enc e Series, 1993

Computer Gr aphics (SIGGRAPH

’91 Pr o c e e dings)

Computer Gr aphics (SIGGRAPH ’91 Pr o c e e d-

ings)

Computer Gr aphics (SIGGRAPH ’86 Pr o c e e d-

ings)

Computer Gr aph-

ics (SIGGRAPH ’86 Pr o c e e dings)

8

BRDFs defined in [17] and [20] could b e fitted within

this technique. More complicated mo dels such as those

in [28, 12, 40] probably fail the requirement unless a

substantial effort of symb olic integration is used.

This note describ es a new form of the rendering equa-

tion intro duced by Ka jiya to mo del the equilibrium of

radiant energy exchange under a v ariety of lo cal shad-

ing mo dels including diffuse, glossy and sp ecular re-

flectance. The new form of the integral equation has the

same solution as the original form, however it leads to

the simulation of o cclusions by sup erimp osition. Thus

we avoid approaches to o cclusions that are either exact

but exp ensive in terms of computing time or heuristic

in nature. Our treatment of o cclusions is exact in the

sense that it do es not intro duce any further level of ap-

proximation b esides those that are standard in many

Galerkin discretization metho d used in applied mathe-

matics.

W e address a second problem present in numeri-

cal solution of rendering equations, namely the high di-

mensionality of the integrals involved. Using integral

geometric transformations we reduce the standard 6-

dimensional integrals to 2-dimensional ones which can

b e approximated numerically up to high precision using

a Gaussian adaptive integration scheme in [25].

The technique presented places mild constraints on

the admissible BRDF and on the choice of functional

basis. Any p olynomial functional basis fits the require-

ments of the metho d describ ed in this pap er. This free-

dom of choice can b e used to attain further b eneficial

effects. F or example, wavelet basis are go o d candidates

to pro duce (at least in principle) sparse rendering matri-

ces. The technique is completely general and we b elieve

this technique to b e comp etitive in environments where

o cclusions are present but do not significantly partition

the light exchange among surfaces. Implementation of

such a scheme and empirical testing are planned as fu-

ture work.

[1] B. Alp ert, G. Beylki n, R. Coifman, and V. Rokhlin.

W avelet-li ke bases for the fast solution of second-

kind integral equations.

, 14(1):159–184, January 1993.

[2] F. Sill on and G. Drettakis. F eature-based control of

visibi l ity error: a multi-resol uti on clustering algorithm

for global illumi nati on. In

, pages 145–152, August 1995.

[3] James Arvo. Applicatio ns of irradia nce tensors to the

simulati on of non-Lamb ertian phenomena. In Rob ert

Co ok, editor, ,

Annual Conference Series, pages 335–342. ACM SIG-

GRAPH, Addison W esley

, August 1995. held in Los

Angeles, California, 06-11 August 1995.

[4] James Arvo and David B. Kirk. Particle transp ort and

image synthesis. In F orest Baskett, editor,

, volume 24,

pages 63–66, August 1990.

[5] James Arvo, Kenneth T orrance, and Brian Smits. A

framework for the analysis of error in global illumi na-

tion algorithms. In Andrew Glassner, editor,

, Computer Graphics Pro ceedings, Annual Con-

ference Series, pages 75–84. ACM SIGGRAPH, ACM

Press, July 1994. ISBN 0-89791-667-0.

[6] L. Aupp erle and P

. Hanrahan. A hierarchi cal illu-

mination algorithm for surfaces with glossy reflection.

In

, pages 155–162, 1993.

[7] G. Beylkin, R. Coifman, and V. Rokhlin. F ast wavelet

transforms and numerical algorithms I.

, XLIV:141–

183, 1991. transformation en ondelettes.

[8] Michael F. Cohen and Donald P

. Greenb erg. The

Hemi-Cub e: A radiosity solution for complex environ-

ments. In B. A. Barsky

, editor,

, volume 19, pages 31–

40, August 1985.

[9] Michael F. Cohen and John R. W allace.

. Academic Press Pro-

fessional, San Diego, CA, 1993.

[10] Steven J. Gortler, Peter Schro der, Michael F. Cohen,

and Pat Hanrahan. W avelet radiosity

. In

,

pages 221–230, 1993.

[11] Pat Hanrahan, David Salzman, and Larry Aupp erle. A

rapid hierarchical radiosity algorithm. In Thomas W.

Sederb erg, editor,

, volume 25, pages 197–206, July 1991.

[12] Xiao D. He, Kenneth E. T orrance, F rancois X. Silli on,

and Donald P

. Greenb erg. A comprehensive physical

mo del for light reflection. In Thomas W. Sederb erg,

editor,

, volume 25, pages 175–186, July 1991.

[13] P

.S. Heckb ert. Finite element metho ds for radiosity .

Global illu min atio n course notes Siggraph 93. Av ail-

able at

www.cs.cmu.edu/afs/cs/user/ph/www/heckb ert.html.

[14] P

.S. Heckb ert. Intro duction to finite element metho ds.

Global illu min atio n course notes Siggraph 93. Av ail-

able at

www.cs.cmu.edu/afs/cs/user/ph/www/heckb ert.html.

[15] David S. Immel, Michael F. Cohen, and Donald P .

Greenb erg. A radiosity metho d for non-diffu se envi-

ronments. In David C. Ev ans and Russell J. Athay ,

editors,

, volume 20, pages 133–142, August 1986.

[16] James T. Ka jiya. The rendering equation. In David C.

Ev ans and Russell J. Athay

, editors,

, volume 20, pages

Rendering Equation Revisited

SIGGRAPH 97 Confer enc e Pr o c e e dings

Computing

ACM T r ansactions on Gr aphics

Pr o c e e dings of SIGGRAPH ’94 (Orlando, Florida,

July 24–29, 1994)

11th ACM

Symp osium on Computational Ge ometry

Pr o c e e dings of the 7th ACM-

SIAM Symp osium on Discr ete Algorithms

Journal of the

ACM

Discr ete & Computa-

tional Ge ometry

CRC

Handb o ok of Discr ete and Computational Ge ometry

Communic ations of the ACM

Inte gr al Ge ometry and Ge ometric Pr ob-

ability

F ourth Eur o gr aph-

ics Workshop on R endering

Computer Gr aphics F orum

Fifth Eur o gr aphics

Workshop on R endering

Computer Gr aphics (SIGGRAPH ’88 Pr o c e e dings)

Pr o c e e dings of

Gr aphics Interfac e ’90

R adiosity and

Glob al Il lumination

Computer Gr aphics

(SIGGRAPH ’91 Pr o c e e dings)

Pr o c e e dings of SIGGRAPH ’94

Com-

puter Gr aphics F orum

Computer

Gr aphics Pr o c e e dings, Annual Confer enc e Series, 1993

Computer Gr aphics (SIGGRAPH

’91 Pr o c e e dings)

Journal of

Optic al So ciety of Americ a

Computer Gr aphics Pr o c e e dings, Annual Confer enc e

Series, 1993

SIGGRAPH

97 Confer enc e Pr o c e e dings

Eu-

r o gr aphics R endering Workshop 1997

Computer

Gr aphics Pr o c e e dings, Annual Confer enc e Series, 1993

143–150, August 1986.

[17] Eric P

. F. Lafortune, Sing-Cho ong F o o, Kenneth E.

T orrance, and Donald P

. Greenb erg. Non-linear ap-

proximatio n of reflectance functions. In T urner Whit-

ted, editor, ,

Annual Conference Series, pages 117–126. ACM SIG-

GRAPH, Addison W esley

, August 1997. ISBN 0-89791-

896-7.

[18] L. Neumann. Monte Carlo radiosi ty . ,

55:23–42, 1995.

[19] Laszlo Neumann and Attila Neumann. Radiosity and

hybrid metho ds. ,

14(3):233–265, July 1995.

[20] Michael Oren and Shree K. Nayar. Generali zatio n of

Lamb ert’s reflectance mo del. In Andrew Glassner, edi-

tor,

, Computer Graphics Pro ceedings,

Annual Conference Series, pages 239–246. ACM SIG-

GRAPH, ACM Press, July 1994. ISBN 0-89791-667-0.

[21] M. Pellegrini . Monte Carlo approximatio n of form

factors with error b ounded a priori. In

, June 1995.

[22] M. Pellegrini . Electrostatic fields without singul ariti es:

Theory and algorith ms. In

, pages 184–

191, 1996. F ull version to app ear in

.

[23] M. Pellegri ni . Monte Carlo approximati on of form fac-

tors with error b ounded a priori.

, 17:319–337, 1997.

[24] M. Pellegri ni . Ray sho oting and lines in space. In

Jacob E. Go o dman and Joseph O’Rourke, editors,

,

pages 599–614. CRC Press, 1997.

[25] M. Pellegri ni . On numerical approximatio n of higher

order form factors. T echnical Rep ort TR IMC B4-

98-01, Istituto di Matematica Computazional e del

CNR, Via Santa Maria 46, Pisa, Italy

, January

1998. http://www.imc.pi.cnr.it/ marcop/papiri /h off-

pap er.ps.

[26] Bui-T. Phong. Illumin ati on for computer generated

pictures. , 18(6):311–317,

June 1975.

[27] L. A. Santal´ o.

. Addison-W esl ey

, Reading, MA, 1976.

[28] Christophe Schlick. A customizabl e reflectance mo del

for everyday rendering. In Michael F. Cohen, Claude

Puech, and F rancois Silli on, editors,

, pages 73–84. Eurograph-

ics, June 1993. held in Paris, F rance, 14–16 June 1993.

[29] Peter Schro der, Steven J. Gortler, Michael F. Cohen,

and Pat Hanrahan. W avelet pro jections for radiosity .

, 13(2):141–151, June 1994.

[30] Peter Schro der and Pat Hanrahan. W avelet meth-

o ds for radiance computations. In

, pages 303–311, Darmstadt,

Germany

, June 1994.

[31] Min-Zhi Shao, Qun-Sheng Peng, and Y ou-Dong Liang.

A new radiosity approach by pro cedural refinements

for realistic image synthesis. In John Dill, editor,

, vol-

ume 22, pages 93–101, August 1988.

[32] Peter Shirley

. A ray tracing metho d for illu min atio n

calculati on in diffuse-sp ecul ar scenes. In

, pages 205–212, May 1990.

[33] F ran¸ cois Silli on and Claude Puech.

. Morgan Kaufmann, San F ran-

cisco, 1994. excellent coverage of radiosity and global

illu min atio n algorithms.

[34] F rancois X. Silli on, James R. Arvo, Stephen H.

W estin, and Donald P

. Greenb erg. A global illumi -

nation solution for general reflectance distributi ons.

In Thomas W. Sederb erg, editor,

, volume 25, pages 187–

196, July 1991.

[35] B. Smits, J. Arvo, and D. Greenb erg. A clusterin g

algorithm for radiosity in complex environments. In

, pages 435–442, 1994.

In Computer Graphics.

[36] C. Soler and F. Silli on . F ast calcula tion of soft shadow

textures using convolution . T o app ear in Siggraph 98

Conference Pro ceedings, 1998.

[37] L. Szirmay-Kalos, T. F oris, L. Neumann, and B. Cseb-

falvi. An analysis of Quasi-Monte Carlo integration ap-

plied to the transill umi nati on radiosity metho d.

, 16(3):271–281, 1997.

[38] Seth T eller and Pat Hanrahan. Global visibi li ty al-

gorithms for illu min atio n computations. In

,

pages 239–246, 1993.

[39] Seth J. T eller and Carlo H. Ś equin. Visibil ity prepro-

cessing for interactive walkthroughs. In Thomas W.

Sederb erg, editor,

, volume 25, pages 61–69, July 1991.

[40] K. E. T orrance and E. M. Sparrow. Theory for off-

sp ecular reflection from roughened surfaces.

, 57(9), 1967.

[41] Roy T routman and Nelson L. Max. Radiosi ty algo-

rithms using higher order finite element metho ds. In

, pages 209–212, 1993.

[42] Eric V each and Leonidas J. Guibas. Metrop olis light

transp ort. In T urner Whitted, editor,

, Annual Conference Series,

pages 65–76. ACM SIGGRAPH, Addison W esley

, Au-

gust 1997. ISBN 0-89791-896-7.

[43] Andrew J. Willmott and Paul S. Heckb ert. An em-

pirical comparison of progressive and wavelet radios-

ity . In Julie Dorsey and Philip p Slusall ek, editors,

, pages 175–186,

New Y ork City

, NY, June 1997. Eurographics, Springer

W ein. ISBN 3-211-83001-4.

[44] Harold R. Zatz. Galerkin radiosity: A higher order

solution metho d for global illumi nati on. In

,

pages 213–220, 1993.